The string theory predicts the unification of the gauge couplings and gravity. The minimal supersymmetric Standard Model, however, gives the unification scale ∼ 2 × 10 16 GeV which is significantly smaller than the string scale ∼ 5 × 10 17 GeV of the weak coupling heterotic string theory. We study the unification scale of the non-supersymmetric minimal Standard Model quantitatively at the two-loop level. We find that the unification scale should be at most ∼ 4 × 10 16 GeV and the desired Kac-Moody level of the hyper-charge coupling should be 1.33
The theory of E 8 × E 8 heterotic string [1] has some attractive impacts on the model of low-energy particle physics. The theory has a potential of explaining the low-energy gauge groups, the quantum numbers of quarks, leptons and the Higgs bosons, the number of generations, and the interactions among these light particles which are not dictated by the gauge principle. One of the immediate consequences of the string theory is the unification of the gauge interactions and the gravity. Since, in the string theory, gravitational and gauge interactions are naturally related, the strength of the gauge couplings and the unification scale are both given by the Newton constant. The unification scale of the heterotic string theory is predicted to be [2, 3] m U | string ≈ 5 × 10 17 GeV,
in the weak coupling limit where the 1-loop string threshold effects are taken into account. On the other hand, the minimal supersymmetric Standard Model (MSSM) predicts the unification scale
by using the recent results of precision electroweak measurements as inputs. The discrepancy between (1) and (2) is a few percent of the logarithms of these scales.
However the extrapolation of (1) to the weak scale leads the experimentally unacceptable values of sin 2 θ W and α s under the hypothesis that the spectrum below the string scale is that of the MSSM. Various attempts to modify this naive prediction are reviewed in ref. [3] . Most notably, it has been suggested [4] that the strong coupling limit of the E 8 × E 8 heterotic string theory, which is considered to be dual to the 11-dimensional M-theory, can give rise to a significantly lower string scale than the estimation (1) in the weak coupling limit.
Alternatively, the gauge coupling unification scale can be modified in string theories with non-standard Kac-Moody levels. The coupling constant g U , which
is related to the Newton constant in the string theory, is expressed in terms of the SU(3) C , SU(2) L and U(1) Y gauge couplings and the corresponding Kac-Moody
at the unification scale m U . The factor k i should be positive integer for the non-Abelian gauge group. On the other hand, for the Abelian group, its value depends on the structure of four-dimensional string models. In view of the gauge field theory, k i plays the role of a normalization factor for g i and, for example, the set (k Y , k 2 , k 3 ) = (5/3, 1, 1) is taken to embed the hyper-charge Y in the SU (5) GUT group.
It has been known that the SU(5) grand unification is not achieved if one extrapolates the observed three gauge couplings by using the renormalization group equations (RGE) in the minimal Standard Model (SM). It has been noted [3] , however, that the trajectories of the SU(2) L and the SU(3) C couplings intersect at near the unification scale m U predicted by the string theory: for example, the leading order RGE with a certain choice of the weak mixing angle and the QED coupling in the MS scheme,
gives the following results,
The above unification scale m U is remarkably close to the string scale (1), which may suggest the string unification without supersymmetry for the Kac-Moody
Of course, deserting supersymmetry (SUSY) after compactification into fourdimension means that both the gauge hierarchy and the fine-tuning problems have to be solved without SUSY. The existence of a consistent string theory without the four-dimensional SUSY has not been demonstrated. It has been argued that the solution to these problems, if it exists, should be intimately related to the vanishing of the cosmological constant; see, e.g., ref. [3] for a review of some exploratory investigations. Recently, as an application of this idea of minimal particle contents, the mechanism of baryogenesis in non-SUSY, non-GUT string model has been proposed [6] .
In this letter we examine quantitatively at the next-to-leading-order (NLO) dence can be made manifest by using the effective chargesē 2 (q 2 ) ands 2 (q 2 ) of ref. [7] . The MS couplingsα(µ) =ê 2 (µ)/4π andα 2 (µ) =ĝ 2 2 (µ)/4π are related with the effective charges as 
All the other recent estimations [9] find consistent results. Relation between the running QED charge of refs. [8, 9] and the effective chargeᾱ(q 2 ) of ref. [7] that contain the W -boson contribution is found in ref. [10] . The effective chargē
is measured directly at LEP1 and SLC from various asymmetries on the Z-pole [7, 10] . In the SM, however, its magnitude can be accurately calculated as a function of m t and m H through the following formula [7, 10] ,
where G F and α are the Fermi coupling constant and the fine structure constant, respectively. Accurate parametrizations of the SM contributions to the S and T parameters [11] are found in ref. [10] , as functions of the scaled mass parameters
Finally the MS coupling of the effective 5-quark QCD has been estimated as [13] α s (m Z ) = 0.118 ± 0.003.
For later convenience, we introduce the following parametrizations to the observed and calculated values of the three effective charges of the SM:
where x s and x α are defined as
The three MS couplings of the SM that enter as the boundary condition of the 2-loop RGE are then determined via eqs. (6) and the corresponding matching equation of the 5-quark and 6-quark QCD as follows:
We use (13a) to (13c) as inputs to determine the unification scale m U , and the
The estimates (7) and (10) give, respectively, x α = 0 ± 1 and x s = 0 ± 1.
The observed top-quark mass [14] m t = 175 ± 6 GeV gives x t = 0 ± 0.6. The global fit including the electroweak precision experiments gives [10] m t = 172 ± 6
GeV, or x t = −0.3 ± 0.6. The error estimate of eq. (7) is conservative [10] , while that of eq. (10) may be too optimistic. We will therefore explore the region of |x α | < 
Since the dependence on the cut-off scale Λ is found to be small for Λ > 10 
where the first error denotes the uncertainty of theoretical estimation and the second one comes from the experimental uncertainty in m t . Since the m t -dependence , respectively [10] . The upper and lower lines come from the triviality and vacuum stability bounds for the cut-off scale Λ ∼ 10 16 GeV.
of the upper limit is rather small, and since the upper limit decreases as Λ increases, we set the upper limit of m H to be 270 GeV for Λ ∼ m U . In summary,
we consider the following range of the Higgs boson mass
in our analysis. We show in Fig. 1 The 2-loop RGE for the gauge couplingsα i (µ) in the MS scheme is given as follows;
where i = 1, 2, 3 and k = t, b, τ . The U(1) hyper-charge normalization is taken
The termŷ k denotes the MS Yukawa coupling. The coefficients b i , b ij and c ik are given in the minimal SM as [17] ;
The MS Yukawa coupling for fermion f is given in terms of the corresponding pole mass m f asŷ
where the factor δ f (µ) denotes the QCD and electroweak corrections. Because only the top-quark Yukawa coupling is found to affect our results significantly, we setŷ b =ŷ τ = 0. The explicit form of δ t (µ) has been given in ref. [18] . Only the leading order µ-dependence ofŷ t (µ) is needed in our analysis [17] ;
Then, we can now solve the RGE in the NLO level and find the unification scale The above result tells us that the string unification of the non-SUSY minimal SM still requires non-perturbative threshold effects as discussed in ref. [4] . The desired Kac-Moody level k Y is then found by studying the difference
In the absence of the significant string threshold corrections among the gauge couplings, the desired range of k Y that gives the uni-fication of all three gauge couplings is determined by the condition ∆ = 0.
We show ∆ as a function of k Y in Fig. 3 
